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Abstract. Let 1 6 A C B be an inclusion of unital C*-algebras of index- 
finite type and depth 2. Suppose that A is infinite dimensional simple with 
tsr(A) = 1 and SP-property. Then tsr(i?) < 2. As a corollary when A is a 
simple C*-algebra with tsr(A) = 1 and SP-property and a an action of a finite 
group G on Aut(A), tsr(A x Q G) < 2. 

1. Introduction 

The notion of topological stable rank for a C*-algebra A, denoted by tsr (A), was 
introduced by Rieffel, which generalizes the concept of dimension of a topological 
space He presented the basic properties and stability theorem related to 

K- Theory for C*-algcbras. In [T7] he proved that tsr (.A ~A a Z) < tsr (A) + 1, and 
asked if an irrational rotation algebra Ag has topological stable rank two. I. Put- 
num (|16j) gave a complete answer to this question, that is, tsv(Ag) = 1. Moreover, 
using the notion of approximate divisibility and U. Haggerup's striking result (UJ, 
[Jj), Blackadar, Kumjian, and R0rdam (j^j) proved that every nonrational noncom- 
mutative torus has topological stable rank one. Naturally, wc pose a question of 
how to compute topological stable rank of A xi Q G for any discrete group G. 

On the contrary, one of long standing problems was whether the fixed point 
algebra of a UHF C*-algebra by an action of a finite group G is an AF C*-algebra. 
In 1988, Blackadar ( 1 ) constructed a symmetry on the CAR algebra whose fixed 
point algebra is not an AF C*-algebra. Note that Kumjian (^HJ) constructed a 
symmetry on a simple AF C*-algebra whose fixed point algebra is not an AF C*- 
algebra. Blackadar proposed the question in [T] whether tsr(A x a G) = 1 for any 
unital AF C*-algebra A, a finite group G, and an action a of G on A. 

In |14| the authors presented a partial answer to an extended question of Black- 
adr's using C*-indcx Theory by Watatani that is, Let 1 G A C B be an 

inclusion of unital C*-algebras and E : B — > A be a faithful conditional expectation 
of index-finite type. Suppose that the inclusion leicB has depth 2 and A is 
tsr boundedly divisible with tsr(A) = 1. Then tsr(i?) < 2. Here a C*-algebra A 
is tsr boundedly divisible f |18l Definition 4.1]) if there is a constant K (> 0) such 
that for every positive integer m there is an integer n > m such that A can be 
expressed as M n (B) for a C*-algebra B with tsr(S) < K. Typical such an example 
is B Cg> UHF for any unital C*-algebra B. As a corollary, Let A be a tsr boundedly 
divisible, unital C*-algebra with tsr(^4) = 1, G a finite group, and a an action of 
G on A. Then tsr(/l x Q G) < 2. This estimate is best possible. Indeed in ^ 
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Example 8.2.1] B. Blackadar constructed an symmetry action a on CAR such that 
(C[0, 1] ® CAR) Xid®Q Z 2 = C[0, 1] <S> B, where B is the Bunce-Deddens algebra of 
type 2°°. Then since K\(B) is non-trivial, we know that tsr(C[0, 1] <8> B) — 2. 

In this note we try to solve generalized Blackadar's question and get the final 
estimate in some sense: Let 1 € A C B be an inclusion of unital C*-algebras of 
index-finite type and depth 2. Suppose that A is infinite dimensional simple with 
tsr(A) = 1 and SP-propcrty. Then tsr(£?) < 2. In the case of crossed product 
algebras we conclude that tsr(A x> Q G) < 2 for a simple unital C*-algebra A with 
tsr(A) = 1 and SP-property, and an action a from a finite group G on Aut(A). 
We cannot still conclude that tsr(^4 x) a G) = 1, but it seems to guarantee that the 
question would be solved affirmatively. 

2. Preliminaries 

Definition 2.1. Let A be a unital C*-algebra and Lg n (A) be the set of elements 
(b t ) of A n such that 

Ab\ + Ab 2 H h Ab n = A. 

Then topological stable rank of A, tsr(yl), is defined to be the least integer n such 
that the set Lg n (A) is dense in A n . Topological stable rank of a non-unital C*- 
algebra is defined by topological stable rank of its unitaization algebra A 

Note that tsr(j4) = 1 is equivalent to having the dense set of invertible elements 
in A. 

The following is a well-known characterization of topological stable rank one. 
See [T7] and O Remark 2.4]. 

Proposition 2.2. Let A be a unital C*-algebra. 

(1) Let p be a non-zero projection in A. Then tsr(A) = 1 if and only if 
tsr(pAp) = tsr((l - p)A(l - p)) = 1. 

(2) Let K be a C*-algcbra of compact operators on an infinite dimensional 
separable Hubert space. Then 

tsr(A) = 1 if and only if tsx(A ® K) = 1. 

Remark 2.3. Suppose that a C*-algebra B is stably isomorphic to a C*-algebra A, 
that is, B®K ^ A®K. Then from Pronositionl2~272) if tsr(A) = 1, then tsr(B) = 1. 

Let A be a C*-algebra. A is said to have SP-property if any non-zero hereditary 
C*-subalgcbra of A has non-zero projection. It is well known that if A has real rank 
zero, that is, any self-adjoint clement can be approximated by self-adjoint elements 
with finite spectra, then A has SP-property. (See 

Next we summarize the C*-index theory of Watatani f|21|L 
Let 1 € A C B be an inclusion of C*-algebras, and let E: B — ► A be a faithful 
conditional expectation from B to A. 

A finite family {(«i, . . . , (u n , v n )} in B x B is called a 
quasi-basis for _B if 

n n 

^UiJ5(«i6) = ^TE(bui)vi = b for 6 e B. 

t=l i=l 



STABLE RANK OF INCLUSION OF C*-ALGEBRAS OF DEPTH 2 



3 



We say that a conditional expectation E is of index-finite type if there exists a 
quasi-basis for E. In this case the index of E is defined by 

n 

Index(E') = it;V;. 

i=l 

(We say also that the inclusion 1 G A C is of index-finite type.) 

Note that Index(.E') does not depend on the choice of a quasi-basis (|SJ Exam- 
ple 3.14]) and every conditional expectation E of index-finite type on a C*-algebra 
has a quasi-basis of the form {(ux, u*), . . . , (u n , u*)} (O Lemma 2.1.6]). Moreover 
Index(E) is always contained in the center of B, so that it is a scalar whenever B 
has the trivial center, in particular when B is simple ([21 Proposition 2.3.4]). 

Let E: B — > A be a faithful conditional expectation. Then Ba(= B) is a pre- 
Hilbcrt module over A with an A-valued inner product 

(x,y) = E(x*y), x,y G B A . 

Let £ be the completion of Ba with respect to the norm on Ba defined by 

||.t|| Ba = \\E(x*x)\\ A /2 , xeB A . 

Then £ is a Hilbert C*-module over A. Since E is faithful, the canonical map 
B — > £ is injective. Let La(£) be the set of all (right) A- module homomorphisms 
T: 5 — > £ with an adjoint ^-module homomorphism T* : £ — > £ such that 

Then Lyt(£) is a C*-algebra with the operator norm ||T|| = sup{||T£|| : ||£|| = 1}. 
There is an injective *-homomorphism A: B — > La(£) defined by 

X(b)x = bx 

for x G Ba and b G -B, so that -B can be viewed as a C*-subalgcbra of La(£)- Note 
that the map e,4 : Ba — > 5 a defined by 

e^a; = E(x), x G i?,4 

is bounded and thus it can be extended to a bounded linear operator, denoted by 
eA again, on £ . Then G La(£) and = = e^; that is, is a projection in 
La(£)- A projection is called the Jones projection of E. 

The (reduced) C* -basic construction is a C*-subalgebra of La(£) defined to be 

C*(B,e A ) = span{\(x)e A \{y) G L A {£) ■ x, y G B }" " 

f [2~Tl Definition 2.1.2]). 

Since C* (B,eA) is isomorphic to gM„(A)q for some n G N and projection g G 
M n (A) by EH Lemma 3.3.4], we conclude that if tsr(A) = 1, then tsr(C*(B, e^)) = 
1 from Proposition 12 . 21 and Remark 12.31 

The inclusion 1 G A C B of unital C*-algebras of index-finite type is said to 
have finite depth k if the derived tower obtained by iterating the basic construction 

A' n A c A' n B c A 1 n b 2 c a' n b 3 c • ■ • 

satisfies (A' n Bk)ek(A' n -B&) = ^4/ fl Bfe+i, where {e^jfe^i are projections derived 
obtained by iterating the basic construction such that Bfc+i = C*(Bfc,efe) (fc > 1) 
(_Bi = B,e\ = e^). Let : Bfc_|_i — ► -B/c be a faithful conditional expectation 
correspondent to for fc > 1. 
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When G is a finite group and a an action of G on A, it is well known that an 
inclusion 1 G A C A x„ G is of depth 2. (See 0] Lemma 3.1].) 

3. Main result 

The following result is contained in (141 Theorem 5.1]. We give a sketch of the 
proof for self-contained. 

Proposition 3.1. fcf|14l Theorem 5.1]) Let 1 G A c B be an inclusion of unital 
C*-algebra of index-finite type and depth 2. Suppose that tsr(A) = 1. Then we 
have 

sup tsr (pBp) < oo, 

where P(A) denotes the set of all prjections in A. 
Proof. Let 

1gAcBcB 2 cB 3 c--- 

be the derived tower of iterating the basic construction and {efc}fc>i be canonical 
projections such that B^+i = C*{Bk,ek), where e\ — &a- Since 1 G A C B is of 
depth 2, we have 

(A' n B 2 )e 2 (A' n B 2 ) = A' n B 3 . 

(See Definition 4.6.4].) Then there are finitely elements {ui}f =1 in A' <1B 2 such 
that 

n 

y^ j u i e 2 u* i = 1. 

i=l 

Since for any b E B 2 

be 2 = 1 ■ be 2 = Yh=i Uie 2 u*be B 

= Th=i u l E 2 (u*b)e 2 , 
from [211 Lemma 2.1.1 (2)] we have b = *^2™ = iUiE 2 (u*b). Similarly, we can show 
that b = J27=i E 2 {bui)u* for any b G B 2 . It follows that {(ui,u*)}^ =1 is a quasi- 
basis for E 2 . 

Since pui = Uip for 1 < i < n and any projection p G A, from the simple 
calculation we know that {(pui,pu*)}" =1 is a quasi-basis for F p = E 2 \pB 2 p from 
pB 2 p onto pBp. Hence from [141 Proposition 5.3] we have 

tsr(pi?p) < n 2 x tsr(pB 2 p) —n+1 
= n 2 — n + 1. 

The last equality comes from that tsr (.62) = 1 and Proposition 12 . 2f 1 ) . Since n is 
independent of the choice of projections in A, we have 

sup tsr(pBp) < n 2 — n + 1 < 00. 

peP(A) 

I 

The following main theorem is an extended version of [141 Theorem 5.1]. 

Theorem 3.2. Let 1 G A C B be an inclusion of unital C*-algebras of index-finite 
type and depth 2. Suppose that A is infinite dimensional simple with tsr (A) = 1 
and SP-property. Then tsr(JB) < 2. 



STABLE RANK OF INCLUSION OF C*-ALGEBRAS OF DEPTH 2 



5 



Proof. Since 1 € A C B be an inclusion of simple C*-algebras of index-finite type 
and depth 2, from Proposition 13 . II we have 

sup tsr (j>Bp) < oo. 

pGP(A) 

Set -ft' = sup^p^) tsr(pBp). 

Since A is simple with SP-property, there is a sequence of mutually orthogonal 
equivalent projections {pi]f = i in A such that N > K . (For example see ^] Lemma 
3.5.7].) 

Set p = pi. Then pBp has a matrix unite such that 

pBp = MN^pxBpx). 

Then using |171 Theorem 6.1] 

tsr (pBp) = tsr(M N ( Pl B Pl )) 
= tsr(pigpi) - 1 
1 TV 1 

<4i + l = 2, 



where {a} denotes least integer greater than a. Since A is simple, p is a full 
projection in A, and moreover, in B. Hence from [21 Theorem 4.5] we have 

tsr (5) < tsr{pBp) < 2. 

I 

Corollary 3.3. Let A be a simple C*-algebra with tsr (A) = 1 and SP-property 
and a an action of a finite group G on Aut(A). Then 

tsr(^4 x Q G) < 2. 

Proof. If A is finite dimensional, then Axi a G has finite dimensional, and tsr (A x Q 
G) = 1. Hence we may assume that A is infinite dimensional. 

Since ^4 C Ax Q G is an inclusion of index-finite and depth 2 from |14l Lemma 3.1], 
it follows from Theorem 13.21 I 

Corollary 3.4. Let A be a simple C*-algebra of tracial topological rank zero and 
a an action of a finite group G on Ant(A). Then 

tsr(^4 x Q G) < 2. 

Proof. Since A has tracial topological rank zero, A has tsr(A) = 1 and SP-property. 
(For example see ^2 Lemma 3.6.6 and Theorem 3.6.10].) Hence the conclusion 
comes from Corollary 13.41 I 

Remark 3.5. If a given C*-algcbra A has only the condition of tsr(A) = 1, the 
estimate in Corollary 13.41 is best possible. Indeed in Example 8.2.1] Blackadar 
constructed an symmetry action a on CAR such that 

(G[0, 1] ® CAR) x id ® Q Z 2 £ C[0, 1] ® B, 

where -B is the Bunce-Deddens algebra of type 2°°. Then since K±(B) is non-trivial, 
we know that 

tsr(G[0, 1] ® B) = 2. 
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(See also ^] Proposition 5.2].) 

Remark 3.6. From Corollarv l3.4l if A is infinite dimensional simple AF C*-algebra , 
we conclude that 

tsv(A x a G) < 2 

for any an action a from any finite group G on Aut(A). This gives an affirmative 
data to Blackadar's question in pQ, that is, tsr(A x a G) = 1 under the above 
condition. We note that under the extra condition on an action we can conclude 
it. Indeed, Phillips proved in JHj if a has strictly Rokhlin property, then A xi Q G 
is again AF C*-algebra. More recently, the first author and Phillips proved in 
|13j that if a is an action with tracial Roklin property from a finite group G on a 
simple C*-algebra A of tracial topological rank zero, then A x a G has again tracial 
topological rank zero. All data implies that Blackadar's question should be correct. 

Remark 3.7. A C*-algebra A is said to have cancellation of projections if p ~ q 
holds whenever p, q, and r are projections in A with plr, glr, p + r ~ q + r. If 
the matrix algebra M n (A) over A has cancellation of projections for each n e N, wc 
simply say that A has cancellation. It is well known that if A has tsr(A) = 1, then 
A has cancellation. But it was a long standing problem till quite recently whether 
the cancellation of A implies tsr(A) = 1 for a stably finite simple C*-algebra A, and 
it has been settled finally in ^U] where a stably finite simple C*-algcbra B with 
cancellation and tsr(i?) > 1 is constructed by applying Villadson's techniques (\20\) 
(B is also unital simple, separable, and nuclear). Very recently, authors, Jcong, 
and Phillips have proved (HJ that under the same assumption in Theorem 13. 21 B has 
cancellation. Therefore, we predict that tsr(B) = 1. 
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